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1. Time-Stepping Schemes and Their 
Relaxation 



Nonsmooth contact dynamics—what is it? 
§  Differen*al	  problem	  with	  varia*onal	  inequality	  constraints	  	  –	  DVI	  

§  Truly,	  a	  Differen*al	  Problem	  with	  Equilibrium	  Constraints	  
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Time stepping scheme -- original 

§  A	  measure	  differen*al	  inclusion	  solu*on	  can	  be	  obtained	  by	  *me-‐stepping	  
(Stewart,	  1998,	  Anitescu	  2006)	  
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Pause: Constraint Stabilization 

§  Compared	  to	  original	  scheme	  

§  Allows	  fixed	  *me	  steps	  for	  plas*c	  collisions.	  
§  How	  do	  we	  know	  it	  is	  achieved?	  Infeasibility	  is	  one	  order	  beYer	  than	  accuracy	  

(O(h^2))	  



Time Stepping -- Convex Relaxation 

§  A	  modifica*on	  (relaxa*on,	  to	  get	  convex	  QP	  with	  conic	  constraints):	  

But In any case, 
converges to same 
MDI as unrelaxed 
scheme. 

[ see M.Anitescu, “Optimization Based Simulation of Nonsmooth Rigid Body Dynamics” ] 

(For small m and/or 
small speeds, almost 
no one-step 
differences from the 
Coulomb theory) 



What is physical meaning of the relaxation? 

§  Origin	  

§  Behavior	  



Further insight.  

§  The	  key	  is	  the	  combina*on	  between	  relaxa*on	  and	  
constraint	  stabiliza*on.	  

§  If	  the	  *me	  step	  is	  smaller	  than	  the	  varia*on	  in	  velocity	  
then	  the	  gap	  func*on	  seYles	  at	  	  

§  So	  the	  solu*on	  is	  the	  same	  as	  the	  original	  scheme	  for	  a	  
slightly	  perturbed	  gap	  func*on…..	  
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2. Cone complementarity time stepping 



Cone complementarity 

§  Aiming	  at	  a	  more	  compact	  formula*on:	  	  

§  	   	   	   	   	   	   	   	   	  



Cone complementarity 

§  Also	  define:	  	  

§  Then:	   	   	   	   	  	  

becomes.. 

This is a CCP, 
CONE COMPLEMENTARITY  
PROBLEM 



Iterative methods for Cone Complementarity 
Problems 

§  The	  resul*ng	  cone	  complementarity	  problem	  	  
	  

§  Our	  method:	  use	  a	  fixed-‐point	  itera*on	  

§  with	  matrices:	  
§  ..and	  a	  non-‐extensive	  
orthogonal	  projec*on	  	  
operator	  onto	  feasible	  set	   NT= 



The projection operator is easy and separable 

§ 	  	  For	  each	  fric+onal	  contact	  constraint:	  

§ For	  each	  bilateral	  constraint,	  simply	  do	  nothing.	  
§ The	  complete	  operator:	  



Finding other Interesting Behaviors by Modeling the 
Force Constraint Set 

§  For	  computa*onal	  reasons,	  we	  like	  the	  relaxa*on:	  it	  leads	  to	  solving	  convex	  
op*miza*on	  at	  each	  step.	  	  

§  It	  seems	  to	  be	  easy	  to	  solve	  any	  *me	  I	  can	  have	  a	  force	  constraint	  set	  that	  I	  can	  
project	  easily	  onto.	  This	  implicitly	  (by	  duality)	  constrains	  the	  mo*on.	  	  

§  Note	  that	  the	  set	  needs	  not	  be	  convex	  or	  even	  a	  cone.	  	  
§  Are	  there	  other	  force/impulse	  constraint	  sets	  which	  model	  interes*ng	  behavior?	  	  

§  So	  this	  is	  a	  “I	  have	  a	  hammer,	  where’s	  the	  nail	  approach”	  :	  are	  there	  other	  cones	  
that	  I	  may	  want	  to	  model	  that	  can	  lead	  to	  behaviors	  I	  would	  like	  to	  include?	  	  

§  Of	  course	  there	  are	  several	  behaviors	  for	  which	  there	  are	  good	  guesses	  or	  even	  
physics	  to	  this	  end.	  	  



3. Plasticity Models 



Type of plasticity models in 1D.  

§  Plas*city	  elicits	  a	  different	  cons*tu*ve	  law	  compared	  to	  rigid	  contact	  

§  Force-‐displacement	  rela*onship	  at	  a	  contact	  a)	  Rigid	  b)	  Compliant	  c)	  Nonlinear	  d)	  
cohesion	  e)	  Cohesion	  +	  Compliance	  f)	  Cohesion	  +	  Compliance	  +	  plas*c	  	  	  
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The yield surface.  

§  Standard	  rigid	  contact	  1-‐a	  can	  be	  turned	  to	  cohesive	  one	  by	  the	  transforma*on:	  

	  
§  	  In	  addi*on,	  rule	  in	  1-‐d	  sa*sfies	  (at	  contact):	  	  

§  In	  this	  context	  	  	  	  	  	  	  	  	  	  is	  called	  the	  yield	  surface.	  	  

§  The	  displacement	  is	  normal	  at	  the	  Yield	  surface,	  such	  	  cons*tu*ve	  rules	  are	  called	  
associa*ve.	  	  

γ̂ n ≥ 0 ⇒γ̂ n ∈ dn ,∞[ ] = ϒ

 Δyn ∈−Nϒ γ̂ n( )

ϒ



Example: Friction and Cohesion in 3D by playing 
around with Yield surfaces 

§  Shie	  the	  Coulomb	  cone	  downward	  and	  make	  it	  an	  associa*ve	  yield	  surface.	  	  
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Modeling plasticity 

§  The	  yield	  surface	  give	  by	  Coulomb	  needs	  to	  be	  modified	  as	  no	  infinite	  reac*on	  is	  
now	  allowed	  (crushing)	  
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The model 
§  Separate	  elas*c	  and	  plas*c	  displacement:	  	  

§  The	  elas*c	  part	  of	  the	  force	  allows	  to	  compute	  the	  force	  at	  the	  contact	  if	  the	  
plas*c	  part	  of	  the	  displacement	  is	  known.	  	  

§  Except,	  of	  course,	  the	  plas*c	  part	  is	  NOT	  known.	  But	  now	  we	  use	  the	  associated	  
plas2city	  hypothesis	  to	  constrain	  the	  plas2c	  displacement	  evolu2on	  with	  a	  
varia2onal	  inequality.	  	  

	  
§  Mathema*cally,	  it	  is	  the	  same	  idea	  with	  normal	  velocity	  at	  the	  contact;	  EXCEPT	  

that	  the	  containing	  set	  is	  no	  longer	  a	  cone,	  proper	  (it	  can	  be	  a	  shieed	  cone,	  or	  just	  
some	  convex	  set.	  So	  we	  can	  *me-‐step	  and	  close	  it.	  	  



Time-stepping  

§  Aeer	  some	  nota*on	  

	  
	  
§  Aeer	  this	  is	  solved,	  all	  we	  have	  to	  do	  is	  to	  solve	  the	  plas*city	  displacement	  	  

§  Use	  the	  velocity	  update	  

§  Replace	  in	  the	  plas*city	  velocity	  equa*on;	  to	  obtain	  the	  varia*onal	  inequality	  

§  Over	  the	  cartesian	  product	  of	  cones:	  	  



Damping and VI 

§  We	  can	  similarly	  accommodate	  damping	  

§  And	  obtain	  the	  VI	  

§  Where	  	  	  

§  And	  	  

§  Once	  we	  compute	  new	  contact	  impulse,	  we	  compute	  velocity,	  and	  update	  
posi*on,	  and	  iterate.	  	  

  
EE = diag Ei[ ]; Ei = − h2Ki + hRi( ) 0



How do we solve it:  

§  It	  is	  the	  same	  scheme	  as	  before,	  just	  the	  projec*on	  on	  the	  new	  set	  needs	  to	  be	  
computed	  and	  implemented.	  	  



Numerical Experiments 

§  Compac*on	  and	  shear	  test	  of	  a	  granular	  media.	  
§  Advanced	  cases	  of	  earth-‐moving	  machines	  (bulldozzers,	  vehicles)	  need	  such	  things	  

to	  understand	  soil	  reac*on.	  	  
§  Configura*on:	  soil	  sample	  put	  in	  0.1m	  x	  0.1	  mx0.2	  m,	  
§  Top	  part	  is	  pulled	  by	  a	  “drawer”	  aeer	  a	  mass	  is	  dropped	  on	  top;	  shear	  force	  is	  

measured	  and	  compared	  with	  experiment.	  	  

 



Results.   

§  Configura*on:	  Gelng	  parameters	  is	  hard;	  	  Normal	  and	  tangen*a	  compliances	  are	  
0:910e-‐7	  m/N	  and	  damping	  coefficient	  is	  	  =	  0.1.	  Sphere	  distribu*on.	  	  

	  
§  Evolu*on	  of	  the	  shear	  force	  and	  ver*cal	  force.	  These	  will	  be	  measured	  from	  

experiments.	  Note	  spike	  in	  forces	  –	  including	  shear!	  When	  load	  is	  dropped	  
(probably	  some	  lock-‐in	  before	  it	  relaxes	  and	  pushes	  on	  the	  drawe)	  

0 0.5 1 1.5 2
−150

−100

−50

0

50

100

time [s]

fo
rc

e
 [
N

]

Reaction Force on Drawer

 

 

force

0 0.5 1 1.5 2
0

500

1000

1500

2000

2500

3000

3500

4000

4500
Load

F
y [

N
]

time [s]



4. Rolling Friction Models 



Components of the rolling friction  

§  The	  contact	  plane	  has	  a	  normal	  vector	  and	  consists	  of	  	  two	  tangen*al	  vectors	  

§  Force	  between	  bodies	  at	  contact,	  has	  a	  normal	  component	  and	  a	  tangen*al	  
component	  	  

§  Torque	  between	  bodies	  at	  contact,	  has	  a	  normal	  component	  and	  a	  tangen*al	  
component.	  	  

§  Dual	  mo*on	  quan**es:	  tangen*al	  velocity,	  normal	  rota*on	  and	  tangen*al	  
rota*on:	  

ni ,ui ,v i

Fi,N = γ̂ i,nni Fi,T = γ̂ i,uui + γ̂ i,wwi

Mi,N = τ̂ i,nni Mi,T = τ̂ i,uui + τ̂ i,wwi

σ i

v i,T ω i,N , ω i,T



Model: rolling, spinning, sliding 

§  Sliding	  fric*on,	  fric*on	  coefficient	  

§  Rolling	  coefficient,	  	  	  	  	  	  	  	  	  	  	  

§  Spinning:	  Spinning	  coefficient,	  	  

µi

ρi

σ i



Restating the model to expose the maximum 
dissipation principle 

§  This	  exposes	  the	  conic	  constraints:	  	  



Time-stepping with convex relaxation.  

§  The	  reac*on	  cone:	  

§  Define	  total	  cone	  (inclusive	  of	  bilateral	  constraints)	  	  and	  its	  polar:	  

§  	  Using	  the	  virtually	  iden*cal	  sequence	  of	  *me	  stepping,	  nota*ons	  and	  relaxa*on	  
we	  obtain	  the	  cone	  complementarity	  problem.	  	  

	  	  



Validation: linear guideway with recirculating  balls 

§  We	  get	  close	  matching	  to	  analy*cal	  result	  (we	  allow	  a	  bit	  of	  compliance	  to	  resolve	  
indeterminacy).	  	  	  



Rolling Friction Effects on Granular Materials 

§  Converyor	  belt	  scenario:	  Ques*on	  can	  we	  reproduce	  rolling	  fric*on	  effects	  over	  
the	  repose	  angle	  of	  piles	  (observed)?	  	  

§  Yes,	  for	  same	  sliding	  fric*on	  the	  results	  are	  different.	  	  
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Angle of repose.  

§  Dependence	  on	  rolling	  fric*on	  coefficient	  –	  confirms	  trends	  in	  other	  experiments.	  	  	  



Conclusions 

§  Relaxa*on	  we	  use	  to	  obtain	  tractable	  subproblems.	  	  
§  This	  allows	  a	  flexible	  modeling	  of	  contact	  behavior	  by	  changing	  the	  constraint	  set	  

for	  the	  forces/impulses.	  

§  We	  presented	  extensions	  of	  (DVI)	  *me-‐stepping	  schemes	  to	  rolling	  contact	  and	  
elasto-‐plas*c	  contact	  .	  	  

§  These	  include	  convex	  relaxa*on	  and	  algorithmic	  considera*ons.	  	  
§  The	  method	  is	  implemented	  in	  ChronoEngine.	  	  


