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Model requirements and notation



Areas that use NRMD



The pebble bed nuclear reactor (PBR)

In PBR, the fuel pebbles are moving as a slow granular flow. PBR is the leading 
NGNP candidate for an INL prototype (Pop mech, Oct, 2006)

A fuel pebble  (60 
mm diameter, with a 
graphite outer shell) 
contains 11,000 fuel 
microspheres.

A fuel microsphere (0.9 mm diameter).

Sketch of a pebble bed reactor with 360,000 fuel pebbles



Model Requirement and Notation





Friction Model



Defining the friction cone



Nonsmooth dynamics

Contact, dynamics, friction for rigid bodies. Applicable to granular media, 
structural analysis, robotics …
Differential problem with equilibrium constraints – DPEC.
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Painleve Paradox—no strong solutions



Measure differential inclusion—first step



Measure differential inclusion – second step



Weak solution for NRMD



Optimization-based simulation of nonsmooth dynamics.

Define the following time-stepping scheme
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Result



How we got here (I)



How we got here (II)—in the limit of faces of cone approx 
to infinity



Why to do the conic constrained problems?

Since it is much more compact, fewer constraints
Most users report improvement over polyhedral cones without proof of 
convergence for Gauss-Seidell.



Optimality conditions for problems with cone constraints, 
Polar cones.



MRBD – Conic formulation.
We now define the cones

Λi =
n
x, y, z ∈ R3|x ≥ μi

p
y2 + z2

o
, FCi =

n
x, y, z ∈ R3|μix ≥

p
y2 + z2

o
.

ũ ∈ Λi and w̃ ∈ FCi imply that ũT w̃ ≥ 0Why ?



Optimality conditions – Conic complementarity problem



Abstract form—preliminaries.



Abstract form

Note that it includes linear complementarity problems, if the cones are 
products of R^+
It can also be seen as the optimality conditions of a problem with cone-
constrained variables (problems with bound constraints in the case 
above)



Convex cones facts and prelims



Gauss * Algorithm



Assumptions about the algorithm



Theory



Gauss-Seidell optimized version (in terms of storage)



Numerical Results: Example 1: Size-based segregation

300-1500 bodies
omega=lambda=1
Time step=0.01
20-80 iterations



Example 1 (II): Convergence



Example 1 (III): Scalability



Example 2: Nuclear reactor “Loading”

Currently time is in weeks of CPU for 30000 on 64 proc cluster for 10 
seconds of simulations, though not quite same configuration
Our simulations up to 30000 spheres on a laptop—memory limited by 
broad phase collision.
More than 140000 contact points and 420000 unknowns.
140 iterations
It takes about 2hr of CPU (Windows).



Conclusion Iterative methods for NRMD Simulations

Time-stepping methods: Different from hard particle, since they do not 
necessarily stop at collisions, and do not suffer from the strong time step 
limitation of penalty (spring and dashpot) approaches.
Problems with conic constraints substantially reduce the size of the 
problem with the tradeoff of a more mathematically complex constraint. 
Our “Gauss Seidell” works well for up to ~1/2 mil vars and promises to 
scale. 
TO do: parallelism. Theory is nonetheless readily available block GJ with 
GS blocks is covered by our method. 
TO do: very high accuracy. Preconditioning? Multigrid?
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